We prove the wellposedness of scalar wave equations on spatially flat universe as a background with nonminimal coupling with the scalar potential turned on by introducing the k-order linear energy and the corresponding energy norm. In the local case, we show that both the k-order linear energy and the energy norm are bounded for finite time with initial data in H k+1 × H k . Whereas in the global case, we have to add three assumptions related to the nonminimal coupling constant, the scale factor of spacetimes, and the form of the scalar that has to be a polynomial with a small positive parameter. Then, we show that the solution does globally exist with a particular decay estimate that depends on the scale factor of the spacetimes. Finally, we provide some physical models that support our general setup.
Introduction
It is of interest to study the Klein-Gordon equation because it describes the dynamics of the spinless particle in our universe at quantum level or it can be viewed as the scalar wave equation at classical level in our universe. Moreover, to get a more realistic picture we have to include the influence of geometrical properties of the universe which may also determine by its matter distribution. It is extremely difficult, however, to solve the Klein-Gordon equation on the family of four dimensional Friedmann-Robertson-Walker spacetimes with general couplings even at the classical level. Therefore, we have to specify both the spacetime and the coupling in order to get a solvable model. Several simple models in four dimensions have been studied, for example, in [1, 2, 3] .
In this paper we prove the local and global existence of solutions of the Klein-Gordon equation in higher dimensional spatially flat Friedmann-Robertson-Walker spacetimes with non-minimal coupling between the scalar curvature and the scalar field, and the scalar potential turned on. This additional non-minimal coupling is the simplest generalization of the scalar field theory on curved spacetimes [4, 5] , which can be viewed, for example, as a result of quantum corrections [6, 7] .
The starting point of proving the local and global existence of solutions is by introducing the k-order linear energy and the corresponding energy norm. In the local case, we show that in order to admit a regular solution both energy functionals must be bounded below a real constant C for finite time T < ∞ with initial data in H k+1 × H k . As we take T → ∞, namely the global existence, we give three additional assumptions related to the nonminimal coupling constant, the scale factor of spacetimes, and the form of the scalar that has to be a polynomial with small positive parameter. Using these assumptions, we prove that the supremum of the energy norm is bounded and thus, we could have a decay estimate.
We organize the paper as follows. In Section 2 we briefly review spatially flat spacetimes in higher dimension. We discuss some local properties of the real scalar field on higher dimensional spatially flat spacetimes by introducing k-order linear energy and the corresponding energy norm in Section 3. In Section 4 we provide a proof of the local existence and the uniqueness of solutions together with a smoothness property. In Section 5 we prove that the solutions could exist globally and they have a particular decay estimate. Finally, we discuss some models, in which the global solution does exist in Section 6.
Spatially Flat Spacetimes in Higher Dimension
In this section, we shortly review the higher dimensional conformally flat spacetime which can be constructed by the D-dimensional spatially flat Lorentzian manifold, M D , D ≥ 4 with standard coordinates,
. . , D − 1, and is equipped by Lorentzian metric with signature {−1, 1, . . . , 1}. We can write down the metric as we can write (2.1) as 
where η µν = diag(−1, 1, . . . , 1) is the component of Minkowski metric. Furthermore, it is of interest to write down the Ricci tensor and the scalar curvature related to metric (2.4) 5) respectively, assuming that the scale factor a(τ ) belongs to C n -function with n ≥ 2 for all τ > 0 whereȧ ≡ da/dτ and we have defined the Hubble parameter H ≡ȧ/a.
The higher dimensional Friedmann equations describing an accelerated universe for single component matter are given by [8] 6) together with equation of state P = wρ. The general solutions of this equation have the form
which will be useful for our analysis in the last part of this paper. Some examples, which may be considered as the higher dimensional standard model of cosmology, are listed in Table 1 [8] . For a matter dominated universe, which is called higher dimensional Einstein-de Sitter universe, the universe consists only of non-relativistic matter (dust) and has zero cosmological constant. The Ricci tensor related to metric (2.4) is given by 8) and the scalar curvature is given by
(2.9)
Real Scalar Field in Spatially Flat Universe
In this section, we discuss some local properties of the real scalar field on the higher dimensional spatially flat universe as a background with additional non-minimal coupling where the coupling interaction of the scalar field φ is proportional to the scalar curvature of the spacetime. We show that the nonlinear terms and the k-order linear energy are bounded if the energy norm is also bounded. The action of our theory has the form
where g and R are the determinant and the scalar curvature of the metric (2.4), respectively. The non-minimal coupling is introduced in the second term of the right hand side of (3.1) with positive constant ξ 1 . The real function V (φ) denotes the scalar potential which is assumed to be smooth and satisfy the following conditions,
The conditions in (3.2) are satisfied by several known scalar potentials such as the φ 4 theory and the sine-Gordon theory. The equation of motions of scalar field in this case is given by
where ∇ µ is a covariant derivative with respect to the metric (2.3). Using (2.3) and (2.5), we can write the equation of motion in form of nonlinear waves equation
where 5) and ∆ is Laplacian in IR D−1 . The energy-momentum tensor for system (3.1) is given by 
However, such a functional covers only L 2 -norm functions and it is difficult to obtain a decay estimate of the scalar field from it in the global case (see Section 5) since it contains the nonlinear terms, namely the scalar potential and the nonminimal coupling. To overcome the problem, we introduce the k-order linear energy
1 Model with positive ξ is called canonical, while that with negative ξ is called phantom.
with α being a multi index, which will be used in this paper. We also define an energy norm as
This form of energy can be used as a bound for the nonlinear term. In the following lemmas, we prove the properties of the nonlinear term and the linear energy.
Then for all τ ∈ [τ 0 , τ 0 + T ] and k > (D − 1)/2, we have
where C depends only on the initial data, T , k and the bound of the scalar potential.
Proof. First, we consider the case of |α| > 0. The spatial derivative of Equation (3.5) gives
is a regular C n -function, and using the hypothesis that the first and second terms are bounded, we thus have
To estimate the derivative of the scalar potential, we write down
where
Since the scalar potential is a smooth function, then by Sobolev embedding theorem for k > (D − 1)/2, the hypothesis of the lemma implies that ∂
and we obtain Equation (3.10).
For |α| = 0, we have
.
(3.15) The first and second terms at the right hand side are bounded to a constant by the hypothesis. Using the assumption that ∂ φ V (0) = 0, we obtain the estimate
where the constant C depends on the bound of the scalar potential. Hence, the proof is complete.
Lemma 2. Let φ be a real function such that for all
where the constant C depends only on the initial data, T , k and the bound of the scalar potential.
Proof. Let us consider,
Using Schwartz and Hölder inequalities, we obtain
The second factor can be estimated by a constant times
. Since φ satisfies the hypothesis of Lemma 1, then the first factor is bounded to a constant. Thus, we obtain 
and the proof is finished.
A classical solution of a scalar field on spatially flat spacetimes with non-minimal coupling is a real smooth function φ satisfying Equation (3.4). Then, a generalized solution is a real function
is satisfied in a distributional sense. In the rest of this paper, we will prove the existence and uniqueness of both generalized and classical solutions to Equation (3.4) together with the initial data
) and having compact support.
Local Existence, Uniqueness, and Smoothness
In this section, we prove the local existence and the uniqueness of the solution of the scalar field Equation (3.4).
Local Existence and Uniqueness
The scalar field equation in spatially flat universe is given by,
where the nonlinear term is given by Equation (3.5). Let us consider the sequence {φ l } such that
and for
, then we can choose the sequences {f l } and {g l } such that f l , g l ∈ S(IR D−1 ) and
. Without loss of generality, we can choose f l and g l such that,
In the following lemma, we prove that H k [φ l ] is bounded for all l.
Lemma 3. Let {φ l } be solutions of (4.2) and (4.3). Let H k be the linear energy defined in Equation (3.7). For k > (D − 1)/2, there exist constants C and T such that,
for all l ≥ 0 and τ ∈ [τ 0 , τ 0 + T ] . The constant C depends on the initial data, k and the bound of the scalar potential.
Proof. We will prove the lemma by induction. Since φ 0 is a solution of linear wave equation, then H k is conserved. Thus, 6) where the bound constantC depends only on the initial data such that,
Hence, Equation (4.5) is satisfied for l = 0. Now, we assume Equation (4.5) to be true for l = n. Then, we obtain
,(4.8) where we have used Hölder's inequality and the definition of H k in Equation (3.7). Integrating the inequality and using the induction hypothesis, we obtain
, which depends only on the initial data.
Using Sobolev embedding theorem for k > (D−1)/2, we have bounds on
and
. Furthermore, we also have
where the constant only depends on initial data. Hence, φ n satisfies the hypothesis of Lemmas 1 and 2.
For l = n + 1, we have
where we used Lemma 1 in the last inequality. Integrating the inequality, we obtain
Using Equation (4.6) and assuming
Let us define
Next, we derive an estimate for the difference of consecutive sequence which is important to prove the convergence of the sequence.
Lemma 4. Let {φ l } be solutions of (4.2) and (4.3). Let H k is the linear energy defined in Equation (3.7). Then, for k > (D − 1)/2, we have the estimate
14)
Proof. First, we have the estimate
We can estimate the first and second terms as
To estimate the third term, we write
Using Lemma 3 and the fact that the scalar potential is a smooth function, for k > (D − 1)/2 we obtain
where the constant C depends on the bound of the scalar potential. Hence, we obtain the estimate
(4.19) Now, similar to the proof of Lemma 3, we have
Integrating the inequality, we obtain
for all τ ∈ [τ 0 , τ 0 + T ] and the proof is finished.
Next, we prove the estimate of E l .
Lemma 5. Let {φ l } be solutions of (4.2) and (4.3). Let E l be given by Equation (4.13).
For k > (D − 1)/2, there exist constants C 0 > 1 and T such that,
for all l.
Proof. The lemma is true for l = 1 by assuming that the constant C 0 is big enough. Let us consider
Integrating this inequality and since k > (D − 1)/2, we obtain
Assuming T < 1/2 and using Lemma 4, we have the estimate
The first and second terms depend only on the initial data. However, we can choose them as such that,
Hence, by assuming CT < 1/4, Equation (4.25) and the induction hypothesis give
Thus, Equation (4.22) is true for all l and the proof is finished.
Let us consider, for all |α| ≤ k + 1,
In other words, φ l − φ l−1 ∈ H k+1 (IR D−1 ). However, using Lemma 5, we have
which show that {φ l } is a Cauchy sequence on
. Using a similar method, we can show that {∂ τ φ l } is also a Cauchy sequence on
. Thus, we have proven the existence of generalized solutions of Equation (3.4) such that
Furthermore, using Lemma 5, we also get that {∂ i ∂ j φ l } and
. In fact, we have 
The above inequality implies that
We make a sequance (t l , x l ) → (τ, x), where τ 0 ≤ τ l , τ ≤ τ 0 + T . Now, we have the estimate 
, then the second term also goes to zero as l → ∞. Hence, we conclude that,
To show the uniqueness, consider φ, φ ′ as solutions of Equation (4.1) with the same initial data. Similar to the proof of Lemma 4, we have the estimate
Using Gronwall lemma and the fact that φ, φ ′ have the same initial data, then for all τ ∈ [τ 0 , τ 0 + T ], we conclude that φ ′ (τ ) = φ(τ ) and the uniqueness follows. Thus, we have proven, 
Smoothness Properties
The local solution, which we have discussed above, is φ ∈ C 2 [τ 0 , τ 0 + T ], IR D−1 throughout their interval of existence. In general, however they are actually smoother than this. In this section, we prove the smoothness properties of the solution of equation (4.1).
We claim that the solution is
We will prove the statement using the induction argument. For m = 3, the statement is true. Now, assume that it is also true for m = n, Then, we have
where r = 0, 1, · · · , n − 1. For m = n + 1, we need to prove that the limit of sequence defined by equations (4.2) and (4.3) satisfies
Since n + 1 > 3, using Lemma 5, we have
for some constant C. In other words, we have the estimate
From the first term on the right hand side, we obtain
Using Sobolev embedding theorem, we conclude
For the second term, using similar methods, we have
Hence, we have shown that Equation (4.38) is satisfied for p = 0 and p = 1. From Equation (4.3), we have
The first term of Equation (4.44) can be written as
From the induction hypothesis, the first and second terms are
and we have the estimate,
for c ≥ 1 and d ≥ 0. Since the scalar potential is a smooth function and E c [φ l ] is bounded for c ≤ n − p by Lemma 3, therefore we can bound (∂
, and we conclude
for p = 0, 1, · · · , n − 1. Hence, we have proven
be the initial data with compact support. Assume that the scalar potential is a smooth function satisfying V (0) = 0 and ∂ φ V (0) = 0 and that k > (D − 1)/2. Then, there exist T > 0 and a unique φ ∈
, which is a local solution to the Equation (3.4), such that
5 Global Existence
General Setup
In Section 4, we proved the existence a unique local solution of Equation (3.4), i.e.
Here, we show that it is possible to have a set of global solutions of (3.4) for T → +∞.
To proceed, let us define a new field, ψ = a (D−2)/2 φ where a ≡ a(τ, τ 0 ) such that Equation (3.4) can be written down as
Note that Equation (5.3) is Riccati's form of the Hubble parameter H(τ ). In particular, H(τ ) could be thought of as a solution of Riccati's equation, see for example, [9] . In the rest of the paper we simply take several assumptions as follows.
This assumption follows that h(τ ) tends to vanish as τ → +∞. For example, the function h(τ ) may have the form of either −me −nτ or −mτ −n with m, n ∈ IR + . The latter function for n = 2 could be related to a cosmological model where the scale factor a(τ ) has a polynomial form. This occurs, for example, in the standard cosmological models discussed in Section 2.
Assumption 2. The scalar potential has the form
with ǫ is a small positive parameter and p ∈ IR + .
Assumption 3.
∞ 0
Thus, we can write the differential equation as 5) where h(τ ) is given by (5.3) and P (τ, ψ) = −a [D+2−(D−2)p]/2 ψ p . Now, suppose we have the nonhomogenous linear equation 6) where h(τ ) is given by (5.3) and τ 0 > 0 is arbitary real number. First, we prove the following lemma, Lemma 6. Let η be a solution of linear Equation (5.6) with compact support. Let
holds, then we have the following inequality,
where M depends on the initial data, k, h and P .
Proof. Taking spatial Fourier transform of Equation (5.6), we have
Multipying by ∂ τη , integrating over τ and using partial integration, we obtain
Since we have h(τ ) ≤ 0 and ∂ τ h(τ ) ≥ 0 for all τ ∈ IR + , then we have
Multiplying by (1 + λ 2 ) k and integrating over λ-space, we obtain
where C depends only on k and h. Using Hölder inequality,
(5.12) we have,
(5.13) Let us consider,
. (5.14) Integrating the inequality, we obtain
Adding up inequalities (5.13) and (5.15) and taking the supremum for τ ∈ IR + will yield (5.7) and the proof is finished.
Since ψ = a (D−2)/2 φ, by Theorems 1 and 2, there exists a unique local solution of Equation (5.2). Furthermore, by Lemma (6), for τ ∈ [0, T ] we have the following inequality,
We show that the result can be extended to T → ∞, hence the solution globally exists. Similar with proving the local existence, we construct a sequence {ψ l (τ )} such that,
We show by induction that there exists a positive constant ǫ 0 such that for 0 < ǫ < ǫ 0 , we have
for some positive constant κ ∈ (0, 1). For l = 0, the inequalities are true due to Lemma 6. Assume that these are true for l = n, thus similar to the proof of Lemma 1, we have
Then, from (5.7) we obtain 22) and, hence the inequality (5.18) holds for all nonnegative integers. Similar to the proof of Lemma 4, we have
which follows that
This inequality proves that {ψ l } converges to ψ ∈ C IR + , H k+1 (IR D−1 ) . Furthermore, similar to the proof of local existence, we conclude that there exists a unique global solution of Equation (5.5) such that ψ ∈ C 2 IR + , H k+1 (IR D−1 ) and sup τ ∈IR + |ψ(τ )| ≤ M. Hence, we have proven, Theorem 3. Let f ∈ H k+1 (IR D−1 ) and g ∈ H k (IR D−1 ) be the initial data with compact support for k > (D −1)/2. Suppose that Assumptions 1-3. hold. For any positive constant M that depends on the initial data, k and τ 0 , there exists a positive number ǫ 0 that also depends on the initial data, k and τ 0 , such that for any 0 < ǫ < ǫ 0 , Equation (3.4) admits unique classical global solutions where a ≡ a(τ, τ 0 ).
Some Models
In this section, we consider some specific models related to the scale factor a(τ ). These models may have a global regular solution in the sense of our setup in the preceding section.
Power Form
First, let us take the scale factor a(τ ) to be of the form a(τ ) = (τ + τ 0 ) α , In Table 2 we list four cases single component of higher dimensional cosmological models where Assumptions 1 and 3 are fulfilled. Moreover, it is of interest to consider, for examples, the standard cosmology in four dimensions as listed in Table 3 . 
Exponential Form
Finally, we take a case where the scale factor a(τ ) has the form a(τ ) = e α(τ +τ 0 ) , 
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